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SOME NEW THEOREMS ON PENTAGON AND PENTAGRAM
TRAN QUANG HUNG
Abstract. We establish some new theorems on pentagon and pentagram.
1. Recall three classical theorems
Miquel’s Pentagram Theorem can be considered as one of the most beautiful
theorem on pentagram.
Theorem 1 (Miquel’s Pentagram Theorem [1]). Consider a convex pentagon and
extend the sides to a pentagram. Externally to the pentagon, there are five triangles.
Construct the five circumcircles. Each pair of adjacent circles intersects at a vertex
of the pentagon and a second point. Then Miquel’s pentagram theorem states that
these five second points are concyclic.
Figure 1. Miquel’s Pentagram Theorem
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When five circumcenters are concyclic, we get the particular case of Miquel’s
Pentagram Theorem that is ”Miquel Five Circles Theorem” with ten cyclic points.
Theorem 2 (Miquel Five Circles Theorem [2]). Let five circles with concyclic
centers be drawn such that each intersects its neighbors in two points, with one of
these intersections lying itself on the circle of centers. By joining adjacent pairs
of the intersection points which do not lie on the circle of center, an (irregular)
pentagram is obtained each of whose five vertices lies on one of the circles with
concyclic centers.
Figure 2. Miquel Five Circles Theorem
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The following theorem was discovered in 1989 by high school student Takada [3].
This theorem is very beautiful and is also considered one of the classic theorems on
the pentagon. Takada’s theorem below is very close to Miquel’s Pentagram theorem.
Theorem 3 (Takada’s theorem [3]). Consider a cyclic pentagon. Circumcircles of
the triangles whose vertexs are the intersections of each pair of its diagonals and
the vertex of pentagon. Each pair of adjacent circles intersect at a vertex of the
pentagon and a second point. Then Takada’s theorem states that these five second
points are also concyclic.
Figure 3. Takada’s theorem
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2. Main theorems
In this section, we shall use the above classic theorems to create some interesting
problems with cyclicity and collinearity on the pentagon and pentagram.
Theorem 4 (Tran Quang Hung’s Elevent Circles Theorem). Let Ai, i = 1, 2, . . . , 5,
be any five points. Taking subscripts modulo 5, we denote, for i = 1, 2, . . . , 5,
the intersection of the lines AiAi+1 and Ai+2Ai+3 by Bi+3, the second intersec-
tion of two circles (AiAi+1Bi+2) and (Ai+1Ai+2Bi+3) by Ci+1, the center of circle
(AiAi+1Bi+2) by Ki+2, and the center of circle (Ci+1Bi+2Bi+3) by Li. Then five
lines KiLi, for i = 1, 2, . . . , 5, are concurrent at a point X.
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Figure 4. Tran Quang Hung’s Elevent Circles Theorem
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Theorem 5 (Dual of Theorem 4). Let Ai, i = 1, 2, . . . , 5, be any five points. Taking
subscripts modulo 5, we denote, for i = 1, 2, . . . , 5, the intersection of the lines
AiAi+1 and Ai+2Ai+3 by Bi+3, the second intersection of two circles (AiAi+1Bi+2)
and (Ai+1Ai+2Bi+3) by Ci+1, and the center of circle (AiCi+1Ai+2) by Li. Follow
Miquel’s theorem then five points Bi+1, Ci, Ai+1, Ci+2, and Bi+4 lies on a circle
(Ki) with taking subscripts modulo 5. Then five lines KiLi, for i = 1, 2, . . . , 5, are
concurrent at a point X.
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Figure 5. Dual of Theorem 4
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Theorem 6 (The first theorem of collinearity with Twelve Circles). Let Ai, i =
1, 2, . . . , 5, be any five points. Taking subscripts modulo 5, we denote, for i =
1, 2, . . . , 5, the intersection of the lines AiAi+1 and Ai+2Ai+3 by Bi+3, the second
intersection of two circles (AiAi+1Bi+2) and (Ai+1Ai+2Bi+3) by Ci+1, the center
of circle (AiAi+1Bi+2) by Ki+2, and the center of circle (Ci+1Bi+2Bi+3) by Li.
• Assume that Bi, for i = 1, 2, . . . , 5, lies on the circle (O).
• Follow Theorem 1, we have five points Ci, for i = 1, 2, . . . , 5, are concyclic
on circle (J).
• Follow Theorem 4, we have five lines KiLi, for i = 1, 2, . . . , 5, are concurrent
at a point X.
The theorem 6 states that three points O, J , and X also are collinear.
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Figure 6. The first theorem of collinearity with Twelve Circles
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Theorem 7 (The second theorem of collinearity with Twelve Circles). Let Ai,
i = 1, 2, . . . , 5, be any five points. Taking subscripts modulo 5, we denote, for
i = 1, 2, . . . , 5, the intersection of the lines AiAi+1 and Ai+2Ai+3 by Bi+3, the
second intersection of two circles (AiAi+1Bi+2) and (Ai+1Ai+2Bi+3) by Ci+1, the
center of circle (AiAi+1Bi+2) by Ki+2, and the center of circle (Ci+1Bi+2Bi+3) by
Li.
• Assume that Ai, for i = 1, 2, . . . , 5, lies on the circle (O).
• Follow Theorem 1, we have five points Ci, for i = 1, 2, . . . , 5, are concyclic
on circle (J).
• Follow Theorem 4, we have five lines KiLi, for i = 1, 2, . . . , 5, are concurrent
at a point X.
The Theorem 7 states that three points O, J , and X also are collinear.
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Figure 7. The second theorem of collinearity with Twelve Circles
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Theorem 8 (The collinearity from Miquel Five Circles Theorem). Let Ai, i =
1, 2, . . . , 5, be any five points. Taking subscripts modulo 5, we denote, for i =
1, 2, . . . , 5, the intersection of the lines AiAi+1 and Ai+2Ai+3 by Bi+3, the second
intersection of two circles (AiAi+1Bi+2) and (Ai+1Ai+2Bi+3) by Ci+1, the center
of circle (AiAi+1Bi+2) by Ki+2, and the center of circle (Ci+1Bi+2Bi+3) by Li.
• Follow Theorem 1, we have five points Ci, for i = 1, 2, . . . , 5, are concyclic
on circle (O).
• Assume that Ki, for i = 1, 2, . . . , 5, lies on a circle, follow Theorem 2 this
circle is also (O).
• Taking subscripts modulo 5, we denote, for i = 1, 2, . . . , 5, the intersection
of the lines KiKi+2 and Ki+1Ki+3 by Di+3, and the second intersection of
two circles (DiDi+1Ki+2) and (Di+1Di+2Ki+3) by Ei.
• Follow Theorem 1, we have five points Ei, for i = 1, 2, . . . , 5, are concyclic
on circle (J).
• Follow Theorem 4, we have five lines KiLi, for i = 1, 2, . . . , 5, are concurrent
at a point X.
The Theorem 8 states that
• Three points Ki, Li, and Ei are collinear for i = 1, 2, . . . , 5.
• Three points O, J , and X also are collinear.
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Figure 8. The collinearity from Miquel Five Circles Theorem
Remark. We used the result of Theorem 4 in the the theorems 6, 7, 8. If we use
also the result of Theorem 5 (Dual of Theorem 4), we shall obatain three similar
theorems like the theorems 6, 7, 8.
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